Second cohomology group of the finite-dimensional simple Jordan
  superalgebra $\mathcal{D}_{t}$, $t\neq 0$ by Gonzalez, F. A. Gomez & Bermudez, J. A. Ramirez
ar
X
iv
:2
00
1.
10
40
8v
1 
 [m
ath
.R
A]
  2
8 J
an
 20
20
SECOND COHOMOLOGY GROUP OF THE
FINITE-DIMENSIONAL SIMPLE JORDAN SUPERALGEBRA Dt,
t 6= 0
GO´MEZ GONZA´LEZ, F. A. AND RAMI´REZ BERMU´DEZ, J. A.
Abstract. The second cohomology group (SCG) of the Jordan superalgebra
Dt, t 6= 0, is calculated by using the coefficients which appear in the regular
superbimodule RegDt. Contrary to the case of algebras, this group is non-
trivial thanks to the non-splitting caused by the Wedderburn Decomposition
Theorem [1].
First, to calculate the SCG of a Jordan superalgebra we use split-null exten-
sion of the Jordan superalgebra and the Jordan superalgebra representation.
We prove conditions that satisfy the bilinear forms h that determine the SCG
in Jordan superalgebras. We use these to calculate the SCG for the Jordan
superalgebra Dt , t 6= 0.
Finally, we prove that H2(Dt,RegDt) = 0⊕ F2, t 6= 0.
1. Introduction
It is known that every separable, finite-dimensional Jordan algebra J has a
trivial second cohomology group H2(J ,M), where M is a J -bimodule, and the
Wedderburn Principal Theorem (WPT) holds for finite-dimensional Jordan alge-
bras [2].
In 2018, the first author showed that the WPT does not hold for some finite
Jordan superalgebras [1, 3, 4], and therefore some finite Jordan superalgebras have
nontrivial SCG. In particular, the Jordan superalgebra Dt does not satisfy WPT
[1]. For this reason, we are interested in finding the SCG for the finite Jordan
superalgebraDt. Some previous results about the SCG for alternative superalgebras
were considered by Pisarenko and Lo´pez-Dı´az [5–9].
In this paper, Section 2 gives some preliminary results from the theory of Jordan
superalgebras including those for the SCG in Jordan superalgebras. Then, Section
3 establishes the conditions that satisfy the bilinear forms h which define the SCG
for a Jordan superalgebra. Finally, Section 4 provides the calculation of SCG for
the simple finite-dimensional Jordan superalgebra Dt using coefficients of RegDt.
We prove that H2(Dt, RegDt) = 0⊕ F2, t 6= 0.
2. Preliminaries
Throughout the paper, all algebras are considered over an algebraically closed
field F of characteristic zero.
Key words and phrases. Jordan superalgebra; second cohomology group; Wedderburn Princi-
pal Theorem; split null extension; regular superbimodule; decomposition theorem.
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Note that J is said to be a superalgebra, if it is the direct sum J = J0+˙J1, where
we denote the parity of a, a ∈ J0∪˙J1 by |a| = 0, 1. Further, recall that a superalge-
bra J = J0+˙J1 is said to be a Jordan superalgebra, if for every ai, aj , ak, al ∈ J0∪˙J1
the superalgebra satisfies the superidentities
aiaj = (−1)
ijajai, (1)
((aiaj)ak)al + (−1)
l(k+j)+jk((aial)ak)aj + (−1)
i(j+k+l)+kl((ajal)ak)ai
= (aiaj)(akal) + (−1)
l(k+j)(aial)(ajak) + (−1)
kj(aiak)(ajal).
(2)
Throughout the paper, by +˙ we denote the direct sum of vector spaces, by +
the sum of vector spaces and by ⊕ a direct sum of superalgebras.
The classification of finite-dimensional simple Jordan superalgebras over an al-
gebraically closed field of characteristic zero was given by Kac and Kantor [10,11].
A superbimodule M = M0+˙M1 is called a Jordan J -superbimodule, if the
corresponding split-null extension E = J ⊕ M is a Jordan superalgebra. The
multiplication in E is obtained from the multiplication in J and the action of J
over M, where M2 = 0. A regular J -superbimodule, denoted as RegJ , is defined
on the vector super-space J with an action coinciding with the multiplication in
J .
The classification of irreducible Jordan Dt-superbimodules over a finite dimen-
sional, simple Jordan superalgebra J was given by Zelmanov and Martinez [12].
Let J be a Jordan superalgebra and M, N be the J -superbimodules, then a
linear mapping α : M→ N is called a homomorphism of superbimodule of degree
j, if the mapping is homogeneous of degree j, i.e., α(Mi) ⊆ Ni+j (mod 2).
Let J be a Jordan superalgebra and letM be a Jordan J -superbimodule. Then
a Jordan superalgebra E is called an extension of J by M, if there exists a short
exact sequence of superalgebras
0 //M
α
// E
β
// J // 0 .
Two extensions E and E
′
of J by M one said to be equivalent, if there exists a
homomorphism of superalgebras φ : E → E
′
, such that the diagram
E β
))❙❙
❙❙
❙❙
φ
0
//M
α 55❥❥❥❥❥❥
α′
))❚❚
❚❚
❚❚
J // 0
E ′ β′
55❦❦❦❦❦❦
is commutative.
Let J be a Jordan superalgebra and M a Jordan J -superbimodule, then E is a
split extension of J by M, if the short exact sequence
0 //M
α
// E
β
// J // 0
admits a decomposition, i.e. there exists a homomorphism of superalgebras δ :
J −→ E such that β ◦ δ = 1J . For this existence, we observe that there exists
a linear mapping δ : J −→ E such that E = α(M) ⊕ δ(J ), i.e. is a direct sum
of vector spaces. Therefore it is necessary to find some conditions under which δ
satisfies δ(ab)− δ(a)δ(b) = 0, i.e. δ is a homomorphism of Jordan superalgebras.
Note that if a˜ ∈ J , then there exists a ∈ E , such that β(a) = a˜. Therefore, if
b ∈ E is another element such that β(b) = a˜, then there exists m ∈ M, such that
SCG OF FINITE DIMENSIONAL SIMPLE JORDAN SUPERALGEBRA Dt 3
α(m) = b− a. Then, for any a, b ∈ J there is a unique element m ∈ M, such that
m = δ(ab)− δ(a)δ(b).
So, we define h : J × J −→M, where
h(a, b) = δ(a)δ(b)− δ(ab). (3)
Note that h is a bilinear form, since δ is linear.
Let δ′ : J −→ E be another homomorphism of Jordan superalgebras, such that
β ◦ δ′ = 1J and h′ : J × J −→ M, where h′(a, b) = δ′(ab) − δ′(a)δ′(b). h and h′
are said to be equivalents if there exists a linear mapping µ : J −→ M such that
h(a, b)− h′(a, b) = a · µ(b) + µ(a) · b− µ(ab), where · denotes the action of J over
M. In particular, observe that h(a, b) is equivalent to zero, if there exists a linear
mapping µ such that h(a, b) = a · µ(b) + µ(a) · b− µ(ab) (see [2, 13] for details).
The superalgebra J can be identified with δ(J ) and a superbimodule M with
α(M), thus E = α(M)⊕δ(J ) =M⊕J , and therefore we can consider the nonzero
multiplication ∗ in E , which is defined as a∗b = ab+h(a, b), a∗m = a·m,m∗a = m·a
for every a, b ∈ J and m ∈ M.
The bilinear forms h defined by (3) are called cocycles. The space determined
by all cocycles is said to be the cocycle space. We denote this space by
Z2(J ,M) := Z20 (J ,M)+˙Z
2
1 (J ,M), (4)
where Z2k(J ,M) =
{
h ∈ Z2(J ,M) | h(Ji,Jj) ⊆Mi+j+k
}
for i, j, k ∈ Z2.
The coboundery space is the set of all cocycles that are equivalent to the bilinear
form zero, and therefore we denote it by
B2(J ,M) := B20(J ,M)+˙B
2
1(J ,M). (5)
These cocycles are called cobounderies. Note that all cobounderies define an ex-
tension of J by M, which is isomorphic to the split-null extension E = J ⊕M.
Moreover, the elements h, h′ ∈ Z2(J ,M) define an equivalent extension, if h−h′ ∈
B2(J ,M).
Definition 1. Let J be a Jordan superalgebra over F andM be a J -superbimodule.
The second cohomology group of J with coefficients of M (SCG) is defined as the
quotient group of
H2(J ,M) := Z2(J ,M)/B2(J ,M). (6)
Note that (6) is trivial when the WPT holds for a Jordan superalgebra J and a
J -superbimodule M.
3. SCG in Jordan superalgebras
In Section 2, we have defined the SCG for Jordan superalgebras by (6). In this
section, we deduce some identities that satisfy the bilinear forms h which define the
SCG for Jordan superalgebras. These conditions will be used to calculate the SCG
of a Jordan superalgebra which has a non-splitting extension. Namely, we prove
the following statement.
Theorem 1. Let J be a Jordan superalgebra, let M be a J -superbimodule, and
let
F (a, b, c, d) := h ((ab) c, d) + h(ab, c) · d+
(
h(a, b) · c
)
· d,
G(a, b, c, d) := h(ab, cd) + h(a, b) · (cd) + (ab) · h(c, d),
where h are the cocycles that define the SCG for J with coefficients of M.
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Then the following formulas are true for the bilinear forms:
h(a, b) = (−1)|a||b|h(b, a) (7)
and
F (a, b, c, d) + (−1)|b|(|c|+|d|)+|c||d|F (a, d, c, b) + (−1)|a|(|b|+|c|+|d|)+|c||d|F (b, d, c, a)
= G(a, b, c, d) + (−1)|b||c|G(a, c, b, d) + (−1)|d|(|c|+|d|)G(a, d, b, c) (8)
for all a, b, c, d ∈ J0∪˙J1.
Proof. Let M be a J -superbimodule of the Jordan superalgebra J = J0+˙J1, let
E be an extension of J by M. Then it is clear that E is a Jordan superalgebra,
and the equalities (1) and (2) hold for the multiplication ∗. It is easy to see that
(7) is obtained from (1).
To prove (8), observe that a ∗ b = ab+ h(a, b) by the definition of ∗. Besides,
((a ∗ b) ∗ c) ∗ d = ((ab)c)d + h((ab)c, d) + h(ab, c) · d+ (h(a, b) · c) · d (9)
and
(a ∗ b) ∗ (c ∗ d) = (ab)(cd) + h(ab, cd) + h(a, b) · (cd) + (ab) · h(c, d). (10)
Similar to equations (9) and (10), we write
((a ∗ d) ∗ c) ∗ b, ((b ∗ d) ∗ c) ∗ a, (a ∗ c) ∗ (b ∗ d) and (a ∗ d) ∗ (b ∗ c). (11)
Further, substituting (9), (10) and (11) in (2) and using (7), we obtain that
h((ab)c, d) + h(ab, c) · d+ (h(a, b) · c) · d
+(−1)|b|(|c|+|d|)+|c||d|
(
h
(
(ad)c, b
)
+ h
(
ad, c
)
· b+
(
h(a, d) · c
)
· b
)
+(−1)|a|(|b|+|c|+|d|)+|c||d|
(
h
(
(bd)c, a
)
+ h
(
bd, c
)
· a+
(
h(b, d) · c
)
· a
)
= h
(
ab, cd
)
+ h
(
a, b
)
· (cd) + (ab) · h
(
c, d
)
+(−1)|b||c|
(
h
(
ac, bd
)
+ h
(
a, c
)
· (bd) + (ac) · h
(
b, d
))
+(−1)|d|
(
|b|+|c|
)(
h
(
ad, bc
)
+ h(a, d) · (bc) + (ad) · h
(
b, c
))
,
which proves (8). 
4. SCG to the Jordan superalgebra Dt
In this section, we prove the main theorem of the present paper, which gives the
form of the SCG of the Jordan superalgebra Dt using coefficients in RegDt. Let
Dt = (F · e1 + F · e2)+˙(F · x+ F · y), t 6= 0, with nonzero multiplication
e2i = ei, eix =
1
2
x, eiy =
1
2
y for i = 1, 2 and xy = e1 + te2.
By the results of [14], if t 6= 0, then Dt is a simple Jordan superalgebra over
F. Besides, in [1] it is proved that an analogue of WPT is valid for the Jordan
superalgebras Dt, when some conditions are imposed on the irreducible Jordan Dt-
superbimodules. Therefore, by the results of [1] the SCG of Dt with coefficients in
RegDt, H2(Dt, RegDt), is not trivial.
To prove the theorem, we have to calculate H2(Dt,RegDt) by means of Theorem
1. To this end, we suppose that RegDt = (F · e˜1+F · e˜2)∔ (F · x˜+F · y˜) is a regular
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Dt-superbimodule with the isomorphism ϕ(ei) = e˜i, ϕ(x) = x˜, ϕ(y) = y˜ (i = 1, 2)
and prove the following two lemmas.
Lemma 2. H20(Dt,RegDt) = 0, t 6= 0.
Proof. By (4), if h is a bilinear form, then h ∈ Z20 (Dt, RegDt) which means that
h(ei, ej), h(x, x), h(y, y), h(x, y), h(y, x) ∈ (RegDt)0 and h(ei, x), h(x, ei), h(ei, y),
h(y, ei) ∈ (RegDt)1 for i, j = 1, 2. Therefore, by (7) we just have to consider
the elements h(ei, ei), h(ei, ej), h(ei, x), h(ei, y), h(x, x), h(y, y) and h(x, y) for
i, j = 1, 2. Thus, we write h ∈ (RegDt)0 as h(ei, ei) = αi1e˜1 + αi2e˜2, h(e1, e2) =
β1e˜1 + β2e˜2, h(x, x) = η1e˜1 + η2e˜2, h(y, y) = λ1e˜1 + λ2e˜2, h(x, y) = ω1e˜1 + ω2e˜2
and h ∈ (RegDt)1 as h(ei, x) = γixx˜ + γiy y˜, h(ei, y) = θixx˜ + θiy y˜, where αij , βi,
ηi, λi, ωi, γil, θil ∈ F for i, j = 1, 2 and l = x, y.
Using (8), we proceed to determine the constants αij , βi, ηi, λi, ωi, γil, θil ∈ F,
for i, j = 1, 2 and l = x, y. Assuming that u is the odd element of Dt and
substituting it in (7) we get h(u, u) = (−1)|u||u|h(u, u) which is equivalent to
h(u, u) = −h(u, u). Then, we conclude that h(u, u) = 0. In particular, for u = x
we get h(x, x) = 0. In a similar way, we obtain that also h(y, y) = 0.
Now, replacing a = b = c by ei and also d by ej (i 6= j) in (8), we obtain
h ((eiei) ei, ej) + h(eiei, ei) · ej +
(
h(ei, ei) · ei
)
· ej
+ 2
(
h ((eiej) ei, ei) + h(eiej , ei) · ei +
(
h(ei, ej) · ei
)
· ei
)
= h(eiei, eiej) + h(ei, ei) · (eiej) + (eiei) · h(ei, ej)
+ 2
(
h(eiej , eiei) + h(ei, ej) · (eiei) + (eiej) · h(ei, ei)
)
.
By the multiplication in Dt and the action of Dt over RegDt, we get
h(ei, ej) + h(ei, ei) · ej = h(ei, ej) · ei. (12)
Rewritting (12), we conclude
β1e˜1 + β2e˜2 + αij e˜j = βie˜i. (13)
Assuming that i = 1 and j = 2 in (13) and using the linear independence of e˜i,
i = 1, 2, we obtain that β2 + α12 = 0. In a similar way, taking i = 2 and j = 1 in
(13) we find that β1 + α21 = 0.
Further, substituting a by u and b = c = d by ei in (8), for the odd element u of
Dt we get
2
(
h ((uei) ei, ei) + h(uei, ei) · ei +
(
h(u, ei) · ei
)
· ei
)
+ h ((eiei) ei, u) + h(eiei, ei) · u+
(
h(ei, ei) · ei
)
· u
= 2 (h(uei, eiei) + h(u, ei) · (eiei) + (uei) · h(ei, ei))
+ h(eiei, eiu) + h(ei, ei) · (eiu) + (eiei) · h(ei, u).
Using the multiplication in Dt and the action of Dt over RegDt, we obtain that the
last equation is equivalent to
2 (h(u, ei) · ei) · ei + (h(ei, ei) · ei) · u = 2h(u, ei) · ei + h(ei, ei) · (eiu) (14)
Putting u = x and i = 1 in (14), by the linear independence of x˜ and y˜ we get
γ1y = 0 and 2γ1x = α11 − α12. (15)
Similarly, substituting u = x and i = 2 in (14) we get
γ2y = 0 and 2γ2x = α22 − α21. (16)
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Also, the substitutions u = y and i = 1 in (14) give
θ1x = 0 and 2θ1y = α11 − α12, (17)
while the substitutions u = y and i = 2 in (14) imply
θ2x = 0 and 2θ2y = α22 − α21. (18)
By the equalities (15), (16), (17) and (18) we conclude that γix = θiy and γiy =
θix = 0 for i = 1, 2. Therefore, h(ei, x) = γixx˜ and h(ei, y) = γixy˜ for i = 1, 2.
Substituting a = x, b = e1, c = y and d = e2 in (8), we get
h ((xe1) y, e2) + h(xe1, y) · e2 +
(
h(x, e1) · y
)
· e2
+ h ((xe2) y, e1) + h(xe2, y) · e1 +
(
h(x, e2) · y
)
· e1
−
(
h ((e1e2) y, x) + h(e1e2, y) · x+
(
h(e1, e2) · y
)
· x
)
= h(xe1, ye2) + h(x, e1) · (ye2) + (xe1) · h(y, e2)
+ h(xe2, ye1) + h(x, e2) · (ye1) + (xe2) · h(y, e1)
−
(
h(e1e2, yx) + h(e1, e2) · (yx) + (e1e2) · h(y, x)
)
,
and simplifying this equality we obtain
h(xy, e2) + 2(h(x, e1) · y) · e2 + h(xy, e1) + 2(h(x, e2) · y) · e1 − 2(h(e1, e2) · y) · x
= x · (h(y, e1) + h(y, e2)) + (h(x, e1) + h(x, e2)) · y + 2h(e1, e2) · (xy).
It is easy to see that the calculation of the left and right side of the latter equality
based on the linear independence of e˜1 and e˜2 gives
2γ1x = β2 + α11 and 2γ2x = β1 + α22. (19)
Similarly, considering all replacements of elements Dt in (8) we get formulas (15),
(16), (17), (18) and (19).
Now, solving the linear equations given by formulas (13) and (15)-(19), we obtain
that γix, αii, αij , βj = −αij (i 6= j) and ωi (i, j = 1, 2) are nonzero constants.
Observe that, if h ∈ Z20 (Dt, RegDt), then h(x, x) = h(y, y) = 0,
h(e1, e1) = α11e˜1 + α12e˜2, h(e2, e2) = α21e˜1 + α22e˜2,
h(e1, e2) = −α21e˜1 − α12e˜2, h(x, y) = ω1e˜1 + ω2e˜2,
h(e1, x) =
(
α11 − α12
2
)
x˜, h(e1, y) =
(
α11 − α12
2
)
y˜,
h(e2, x) =
(
α22 − α21
2
)
x˜, h(e2, y) =
(
α22 − α21
2
)
y˜.
Consider that hi ∈ Z20 (Dt, RegDt), i = 1, . . . , 6, such that the nonzero images of
the bilinear forms are
h1(e1, e1) = e˜1, h1(e1, x) =
x˜
2
, h1(e1, y) =
y˜
2
,
h2(e1, e1) = e˜2, h2(e1, e2) = −e˜2, h2(e1, x) = −
x˜
2
, h2(e1, y) = −
y˜
2
,
h3(e2, e2) = e˜1, h3(e1, e2) = −e˜1, h3(e2, x) = −
x˜
2
, h3(e2, y) = −
y˜
2
,
h4(e2, e2) = e˜2, h4(e2, x) =
x˜
2
, h4(e2, y) =
y˜
2
,
h5(x, y) = e˜1, h6(x, y) = e˜2.
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These bilinear forms generate Z20 (Dt, RegDt), for i = 1, . . . , 6.
Now, let h ∈ B20(Dt, RegDt). Then for all a, b ∈ Dt, h is of the form
h(a, b) = −µ(ab) + a · µ(b) + µ(a) · b, (20)
where µ : Dt → RegDt is an even linear mapping. So, we write µ(ei) = λi1e˜1+λi2e˜2,
µ(x) = λxxx˜+ λxy y˜ and µ(y) = λyxx˜+ λyy y˜, where λij , λlk ∈ F, for i, j = 1, 2 and
l, k = x, y. Now, considering h(a, b) for all a, b ∈ Dt in (20) we obtain
h(ei, ei) = −µ(e
2
i ) + ei · µ(ei) + µ(ei) · ei
= −µ(ei) + ei · µ(ei) + µ(ei) · ei
= −(λi1e˜1 + λi2e˜2) + 2λiie˜i.
(21)
Setting here i = 1, we get h(e1, e1) = α11e˜1 +α12e˜2 = λ11e˜1 − λ12e˜2. By the linear
independence of e˜1 and e˜2 we have
λ11 = α11 and λ12 = −α12. (22)
Similarly, taking i = 2 in (21) we get h(e2, e2) = α21e˜1 + α22e˜2 = −λ21e˜1 + λ22e˜2.
Thus,
λ21 = −α21 and λ22 = α22. (23)
Further, observe that
h(x, y) = −µ(xy) + x · µ(y) + µ(x) · y
= −µ(e1)− tµ(e2) + λyy(e˜1 + te˜2) + λxx(e˜1 + te˜2)
= −µ(e1)− tµ(e2) + (λxx + λyy)(e˜1 + te˜2),
and hence h(x, y) = ω1e˜1 + ω2e˜2 = (−α11 + α12t)e˜1 + (α12 − α22t)e˜2 + (λxx +
λyy)(e˜1 + te˜2). Therefore, by the linear independence of e˜i (i = 1, 2) we conclude
that
ω1 = −α11 + α12t+ λxx + λyy and ω2 = α12 − α22t+ (λxx + λyy)t. (24)
In a similar way, considering h(a, b) for all a, b ∈ Dt in (20) we obtain (22), (23)
and (24). Besides, solving the linear equations given by (22), (23) and (24) we get
λ11 = α11, λ22 = α22, λ12 = −α12, λ21 = −α21,
ω1 = λxx + λyy − α11 + α12t, ω2 = α12 − α22t+ (λxx + λyy)t. (25)
Therefore, by (25) we conclude that if h ∈ Z20 (Dt, RegDt), then h ∈ B
2
0(Dt, RegDt).
Consequently, Z21 (Dt, RegDt) = B
2
1(Dt, RegDt). Thus
H20(Dt, RegDt) = Z
2
0 (Dt, RegDt)/B
2
0(Dt, RegDt)
is isomorphic to 0 for all t 6= 0. 
Lemma 3. H21(Dt,RegDt) = F
2, t 6= 0.
Proof. By (4), if h is a bilinear form, then h ∈ Z21 (Dt, RegDt) which means that
h(ei, ej), h(x, x), h(y, y), h(x, y), h(y, x) ∈ (RegDt)1 and h(ei, x), h(x, ei), h(ei, y),
h(y, ei) ∈ (RegDt)0 for i, j = 1, 2. Therefore, by (7) we just have to consider
elements h(ei, ei), h(ei, ej), h(ei, x), h(ei, y), h(x, x), h(y, y) and h(x, y) for i, j =
1, 2. Thus, we write bilinear forms h ∈ (RegDt)1 as h(ei, ei) = αixx˜ + αiy y˜,
h(e1, e2) = βxx˜+βy y˜, h(x, x) = ηxx˜+ηy y˜, h(y, y) = λxx˜+λy y˜, h(x, y) = ωxx˜+ωy y˜
and h ∈ (RegDt)0 as h(ei, x) = γi1e˜1 + γi2e˜2, h(ei, y) = θi1e˜1 + θi2e˜2, where αik,
βk, ηk, λk, ωk, γij , θij ∈ F, for i, j = 1, 2 and k = x, y.
8 F. A. GO´MEZ GONZA´LEZ AND J. A. RAMI´REZ BERMU´DEZ
Using (8), we proceed to determine αik, βk, ηk, λk, ωk, γij , θij ∈ F, for i, j = 1, 2
and k = x, y. Assuming that u is odd element of Dt and substituting in (7) we have
that h(u, u) = (−1)|u||u|h(u, u). Thus h(u, u) = −h(u, u). Then, we conclude that
h(u, u) = 0. In particular, h(x, x) = 0 and h(y, y) = 0.
Now, substituting a = b = c = d by ei in (8), we get (h(ei, ei)·ei)·ei = ei ·h(ei, ei)
and then, we conclude that αixx˜+ αiy y˜ = 0. By the linear independence of x˜ and
y˜, we get αix = αiy = 0 for i = 1, 2. Therefore, h(ei, ei) = 0 for i = 1, 2. Further,
substituting a by u, b = d by ei and c by ej (i 6= j) and u an odd element in (8),
we get
2
(
h ((uei) ej , ei) + h(uei, ej) · ei +
(
h(u, ei) · ej
)
· ei
)
+ h ((eiei) ej, u) + h(eiei, ej) · u+
(
h(ei, ei) · ej
)
· u
= 2
(
h(uei, ejei) + h(u, ei) · (ejei) + (uei) · h(ej , ei)
)
+ h(eiei, eju) + h(ei, ei) · (eju) + (eiei) · h(ej , u).
Applying h(ei, ei) = 0 and the action of Dt over RegDt, we get
h(ei, ej) · u = u · h(ei, ej). (26)
Putting u = x in (26), we obtain βy = 0. Similarly, if u = y in (26), we find that
βx = 0. Therefore, we conclude h(e1, e2) = 0. Moreover, substituting a by u, b = c
by ei and d by ej (i 6= j) with u an odd element in (8), we get
h ((uei) ei, ej) + h(uei, ei) · ej +
(
h(u, ei) · ei
)
· ej
+ h ((uej) ei, ei) + h(uej , ei) · ei +
(
h(u, ej) · ei
)
· ei
+ h ((eiej) ei, u) + h(eiej , ei) · u+
(
h(ei, ej) · ei
)
· u
= h(uei, eiej) + h(u, ei) · (eiej) + (uei) · h(ei, ej)
+ h(uej, eiei) + h(u, ej) · (eiei) + (uej) · h(ei, ei)
+ h(eiej, eiu) + h(ei, ej) · (eiu) + (eiej) · h(ei, u),
using the multiplication and the action, we obtain that the last equation is equiv-
alent to
h(u, ej) + 2h(u, ei) · ej + 2h(u, ei) · ei = h(u, ei). (27)
Assuming u = x in (27), we obtain h(x, ej) + 2h(x, ei) · ej +2h(x, ei) · ei = h(x, ei).
Further, substituting i = 1 and j = 2 in the last equality and using the linear
independence of x˜ and y˜, then
γ11 + γ21 = 0 and γ22 + γ12 = 0. (28)
In the same way, putting u = y in (27), we obtain h(y, ej)+2h(y, ei) ·ej+2h(y, ei) ·
ei = h(y, ei). Assuming i = 1 and j = 2 in this equation, by the linear independence
of x˜ and y˜ we find
θ11 + θ21 = 0 and θ22 + θ12 = 0. (29)
Further, substituting a by x, b by y and c = d by ei in (8), then
4(h(x, ei) · ei) · y + h(x, y)− 4(h(y, ei) · ei) · x
= 4h(x, y) · ei + 2x · h(ei, y)− 2y · h(ei, x). (30)
Assuming that i = 1 in (30) we conclude
ωx = −θ12 − 3θ11 and ωy = 3γ11 + γ12. (31)
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Similarly, putting i = 2 in (30) by the linear independence of x˜ and y˜, we get
ωx = −θ21 − 3θ22 and ωy = 3γ22 + γ21. (32)
Similarly, considering all replacements of elements Dt in (8) we get formulas (28)-
(32).
Now, solving the linear equation system giving by (28)-(32) we get that nonzero
constants are γ11 = γ22 = −γ21 = −γ12, θ11 = θ22 = −θ21 = −θ12, ωy = 2γ11
and ωx = −2θ11. Observe that h ∈ Z21 (Dt, RegDt), then h(ei, ej) = h(ei, ei) =
h(x, x) = h(y, y) = 0 for i, j = 1, 2 and h(e1, x) = γ11(e˜1− e˜2), h(e2, x) = γ11(−e˜1+
e˜2), h(e1, y) = θ11(e˜1 − e˜2), h(e2, y) = θ11(−e˜1+ e˜2) and h(x, y) = −2θ11x˜+2γ11y˜.
Consider that hi ∈ Z21 (Dt, RegDt), i ∈ {1, 2} such that the nonzero images of
the bilinear forms are
h1(e1, x) = e˜1 − e˜2 = −h1(e2, x), h1(x, y) = 2y˜,
h2(e1, y) = e˜1 − e˜2 = −h2(e2, y), h2(x, y) = −2x˜.
These bilinear forms generateZ21 (Dt, RegDt) for i = 1, 2. Now, let h ∈B
2
1(Dt, RegDt).
If also h ∈ Z21 (Dt, RegDt) then for all a, b ∈ Dt,
h(a, b) = −µ(ab) + a · µ(b) + µ(a) · b (33)
where µ : Dt → RegDt is an odd linear mapping. Let µ(ei) = λixx˜ + λiy y˜,
µ(x) = λx1e˜1+λx2e˜2 and µ(y) = λy1e˜1+λy2e˜2, where λik, λki ∈ F, for i = 1, 2 and
k = x, y. Now, we calculate h(a, b) equivalent to bilinear for zero for all a, b ∈ Dt.
Substituting a by ei and b by u an odd element in (33) we obtain
h(ei, u) = −µ(eiu) + ei · µ(u) + µ(ei) · u
= −
µ(u)
2
+ ei · µ(u) + µ(ei) · u. (34)
Similarly to (34), we get
h(u, ei) = −
µ(u)
2
+ u · µ(ei) + µ(u) · ei. (35)
By h(ei, u) = h(u, ei) and equalities (34) and (35), it is easy to see that
u · µ(ei) = µ(ei) · u. (36)
Assuming u = x in (36) we conclude that λiy = 0, i = 1, 2. Similarly, with u = y,
we get λix = 0, i = 1, 2. Therefore, µ(ei) = 0, i = 1, 2. So, we write
h(ei, u) = −
µ(u)
2
+ ei · µ(u) (37)
Let i = 1 and u = x in (37), we get h(e1, x) = −
1
2
(
λx1e˜1+λx2e˜2
)
+λx1e˜1, which is
equivalent to γ11(e˜1− e˜2) = −
1
2
(
λx1e˜1+λx2e˜2
)
+λx1e˜1. By the linear independence
of e˜1 and e˜2, we conclude 2γ11 = λx1 and 2γ11 = λx2. Similarly, putting i = 2 and
u = x in (37), we get 2γ11 = λx1 and 2γ11 = λx2. Analogously with u = y in (37),
we obtain 2θ11 = λy1 and 2θ11 = λy2. Therefore,
λx1 = λx2 and λy1 = λy2. (38)
Further, let u be an odd element in Dt, susbtituting a = b by u in (36) we obtain
h(u, u) = −µ(u2) + u · µ(u) + u · µ(u)
= u · µ(u) + µ(u) · u. (39)
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Replacing u = x in (39), we get (λx1 + λx2)x˜ = 0. Then by (38) in this equation
we conclude λxi = 0, i = 1, 2. Therefore µ(x) = 0. Analogously with u = y in (39)
by (38), we obtain µ(y) = 0.
In conclusion, B21
(
Dt,RegDt
)
= 0. Consequently,
H21
(
Dt,RegDt) = Z
2
1 (Dt, RegDt)/B
2
1
(
Dt,RegDt
)
is isomorphic to F2. 
Now, we proof the main result of this paper.
Theorem 4. Let Dt be the Jordan superalgebra, t 6= 0. Then
H2(Dt,RegDt) = 0+˙F
2.
Proof. The proof holds by Lemmas 2, 3 and Definition 1. 
Corollary 5. Let M1|1(F)
(+) Jordan superalgebra [3,14], then
H2
(
M1|1(F)
(+), RegM1|1(F)
(+)
)
= 0+˙F2.
Proof. The proof follows from Theorem 4 and the isomorphism D−1 ∼=M1|1(F)
(+).

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